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COUNTEREXAMPLES FOR TOPOLOGICAL COMPLEXITY IN
DIGITAL IMAGES
MELİH İS AND İSMET KARACA
Abstract. Digital topology has its own working conditions and sometimes
differs from the normal topology. In the area of topological robotics, we have
important counterexamples in this study to emphasize this red line between a
digital image and a topological space. We indicate that the results on topolog-
ical complexities of certain path-connected topological spaces show alterations
in digital images. We also give a result about the digital topological complexity
number using the genus of a digital surface in discrete geometry.
1. Introduction
Digital topology makes it possible to analyze digital images by transferring topo-
logical properties into itself. This analyzing process provides advantages in tech-
nologies that include especially computer science and image analysis. After that
digital topology is introduced by Rosenfeld [26] with its most primitive concepts, it
has been involved in the studies of a wide variety of fields. One of the most signifi-
cant of these studies points to the subject of robotics, including algebraic topology
over the past 20 years.
Farber [14] assigns a positive integer called the topological complexity number
TC(X) for each path-connected topological space X and makes inferences about
the complexity of the motion area in which a robot is located with obstacles. After-
wards, as the structure of the required topological space differs, the results about
computing the topological complexity number also get vary. For example, if X is a
connected Lie group, then the topological complexity number TC(X) of X equals
the Lusternik Schnirelmann category cat(X) of X [15]. Davis [11], [12] has dif-
ferent approaches on the topological complexity number of certain path-connected
topological spaces such as a circle or a Klein bottle. The higher topological com-
plexity TCn, defined by Rudyak [28], is the Schwarz genus of a special fibration
and a positive integer such as cat and TC. These are all homotopy invariants.
Many essential concepts of the algebraic topology, for instance cohomological cup
product [14], help to calculate these numbers. Hence, it is the main task to have
concrete ideas about the topological complexities of the digital images by making
more use of the algebraic topology methods. See [17] for more information about
the concepts, results and methods for topological robotics.
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2Digital topology has started to incorporate the algebraic topology methods in
time and this process has not ended yet. One of the richest content of these methods
is cohomology rings of topological spaces. Ege and Karaca [13] presented the gen-
eral framework related to the digital simplicial cohomology groups and introduced
the cohomological cup-products in digital images. In digital topology, researchers
generally deal with the two-dimensional or three-dimensional digital images and
they call them as digital curves and digital surfaces, respectively. Rosenfeld [27]
defined the digital curve and stated that the digital image X is said to be a simple
(closed) curve if each point of X has exactly two adjacent points in X. On the
other hand, the definition of the digital surface was given by Morgenthaler and
Rosenfeld [25]. Digital surfaces are so important not only for digital topology but
also for discrete and computational geometry. Chen [9] used one of the most im-
portant notions related to topology and geometry in digital images for the first
time: digital manifolds. A digital manifold can be regarded as a discretization of a
manifold. In other saying, it is a combinatorial manifold which is defined in digital
images. Chen and Rong [10] improved a powerful method for computing genus and
the Betti numbers of a digital image.
In digital topology, not everything is the same as in ordinary topology. As an
example, Künneth Theorem does not work for digital images [13]. This leads to
us to show that cohomological cup product does not hold for digital images [23].
Therefore, the digital interpretations of cat [1], TC [22] and TCn [23] have different
results from the topological spaces. In this study, we focus on such results and
give counterexamples in digital topology. First, we remind the basic notions of the
digital topology, give some concepts and results from discrete geometry and mention
about certain definitions of the main tools of robotics in Section 2. Thus, we recall a
few deliberately selected results on mostly Farber’s topological complexity numbers.
The main goal of this study gives counterexamples for each properties that is valid
in the usual topology but not in digital topology. This shows that digital topology
cannot be thought as the same as the usual topology. They often have different
impact areas in mathematics because the methods of algebraic topology can lose
its influence such as in the example of Künneth Theorem and this is the strength
of digital topology conditions.
In the first example, we consider the digital image X = [0, 1]Z. Since the closed
interval [0, 1] is contractible in topological spaces, the higher topological complexity
of [0, 1] for any n is 1. Moreover, Proposition 2.9 supports this result using the co-
homological cup-product but in digital images, using the digital cup-product does
not give the same result. Hence, the digital image X = [0, 1]Z is a counterexample
of that Proposition 2.9 does not hold for digital images. Second, we show that the
diagonal map of digital images does not coincide with the digital cup product ho-
momorphism. In the next example, we choose a special digital image that the Betti
number is 2. In the usual topology, it is expected that the topological complexity
number of a space is 3, when b1(X) = 2 but we prove that it is possible that the
digital topological complexity number of such an image is less than 3. We present
a result about the digitally connected digital curves with considering the first Betti
numbers. Our next counterexample is constructed on showing that the digital ver-
sion of the topological complexity number of the wedge of 2 sphere S2 does not have
to be 3. Finally, we study with two digital surfaces such that genus of them are
31 and 2. In topology, the topological complexity number of a compact orientable
surface of genus 1 is 3 whereas the topological complexity number of a compact
orientable surface of genus 2 is 5. We prove that both of this results does not hold
for digital surfaces. We show that the digital topological complexity number of
digital simple closed surfaces of genus 0, 1 and 2 are 1, 2 and 3, respectively.
2. Preliminaries
This section basically consists of the fundamental notions of the digital topology.
In addition, remarkable points of the study of topological robotics are mentioned
in the section.
Let Zm be a set of only integers points of Euclidean space Rm. LetX be any finite
subset of Zm. Then (X,κ) is a digital image [2], where κ is an adjacency relation
for the points of X. Let x and y be any two different points in Zm. Let k be a
positive integer such that k is less than or equal to m. x and y are ck−adjacent [2]
if there are at most k indices i such that |xi−yi| = 1 and for all other indices i such
that |xi−yi| 6= 1, xi = yi. Whereas two points of Z has only c1 = 2−adjacency, two
points of Z2 has c1 = 4−adjacency and c2 = 8−adjacency. Similarly, two points of
Z3 has c1 = 6−adjacency, c2 = 18−adjacency and c3 = 26−adjacency.
Let X be a digital image in Zm. X is κ−connected [21] if and only if for every
pair of different points x, y ∈ X, there is a set {x0, x1, ..., xl} of points of X such
that x = x0, y = xl and xi and xi+1 are κ−adjacent where i = 0, 1, ..., l − 1. Let
f : X1 → X2 be a digital map such that X1 has an adjacency relation κ1 in Zm1 and
X2 has an adjacency relation κ2 in Zm2 . Then f is (κ1, κ2)−continuous [2] if, for
any κ1−connected subset U1 of X1, f(U1) is κ2−connected. Moreover, if f is both
digitally continuous and bijective and the digital map f−1 is (κ2, κ1)−continuous,
then f is (κ1, κ2)−isomorphism [5].
Let X and Y be any two digital images such that f, f
′
: X → Y are
(κ1, κ2)−continuous maps. If there exists a positive integer n and a digital map
G : X × [0, n]Z → Y
such that the following conditions hold, then f and f
′
are said to be digitally
(κ1, κ2)−homotopic [2] in Y . G is called a digital (κ1, κ2)−homotopy between f
and f
′
.
• for all x ∈ X, G(x, 0) = f(x) and G(x, n) = f ′(x);
• for all x ∈ X, the digital map Gx : [0, n]Z → Y , defined by Gx(t) = G(x, t),
is (2, κ2)−continuous, for all t ∈ [0, n]Z;
• for all t ∈ [0, n]Z, the digital map Gt : X → Y , defined by Gt(x) = G(x, t),
is (κ1, κ2)−continuous, for all x ∈ X.
Let X be a digital image. If the identity map X → X is (κ, κ)−homotopic to a
constant map
c : X −→ X
x 7−→ c(x) = c0,
for all x ∈ X, then (X,κ) is κ−contractible [2].
4Let X1 be a digital image with λ1−adjacency and let X2 be a digital image
with λ2−adjacency. Given two points (x1, x2) and (x′1, x
′
2) in the cartesian product
digital image X1 × X2. Then (x1, x2) and (x′1, x
′
2) are adjacent in X1 × X2 [6] if
one of the following conditions holds:
• x1 = x′1 and x2 = x
′
2; or
• x1 = x′1 and x2 and x
′
2 are λ2−adjacent; or
• x1 and x′1 are λ1−adjacent and x2 = x
′
2; or
• x1 and x′1 are λ1−adjacent and x2 and x
′
2 are λ2−adjacent.
Let X be a digital image. If f : [0, n]Z → X is a (2, κ)−continuous map such
that f(0) = x and f(n) = x
′
, then f is called a digital path [4] from x to x
′
in
X. A simple closed κ−curve of r ≥ 4 points in a digital image X is a sequence
{g(0), g(1), ..., g(r− 1)} of images of the κ−path g : [0, r− 1]Z → X such that g(m)
and g(n) are κ−adjacent if and only if n = (m ± 1)mod r [3]. A digital surface
[25] is the set of surface points each of which has two adjacent components not in
the surface in its neighborhood. Let κ be an adjacency relation defined on Zm. A
κ−neighbor [21] of x ∈ Zm is a point in Zm that is κ−adjacent to x.
Theorem 2.1. [10] If X is a closed digital surface, then the genus of the surface
is
g = 1 +
(|M5|+ 2.|M6| − |M3|)
8
,
where Mi is a set of points with i−neighbors.
Let (X,κ) be a digital image in Z2. The digital wedge union X ∨X [20] is the
disjoint union of two X with only one point x0 in common and for any different
elements x and y in X, x and y are not κ−adjacent to each other except the point
x0.
Let PX denote the set of all digitally continuous paths α : [0, n]Z → X in X.
pi : PX → X ×X is a digitally continuous map that takes any digitally continuous
path α in X to the pair of its starting and ending points (α(0), α(n)).
Definition 2.2. [22] Digital topological complexity number TC(X,κ) is the minimal
number l such that U1, U2, ..., Ul is a cover of X ×X and for all 1 ≤ i ≤ l, there is
a digitally continuous map si : Ui → PX such that pi ◦ si = idUi . If no such l exists
we will set TC(X,κ) =∞.
In the definition of the digital topological complexity number, the digital con-
tinuity of si is required. Due to this reason, the task is to define an adjacency
relation between two digital paths. Let α1 : [0, n1]Z → X and α2 : [0, n2]Z → X
be any digitally continuous paths in X. Then α1 and α2 are λ−connected on PX,
if for all t times, α1(t) and α2(t) are λ−connected. Note that α1 and α2 can have
different t times. Without loss of generality, assume that n1 < n2. In this case,
the steps of the shortest path are extended such that α1(n1 + l) = α1(n1), where
0 ≤ l ≤ n2 − n1. Hence, α1 is synchronized with α2.
5Definition 2.3. [23] Let p : X −→ X ′ be a digital fibration. The digital Schwarz
genus of p is defined as the minimum number l such that U1, U2, ..., Ul is a cover of
X
′
and for all 1 ≤ j ≤ l, there is a digitally continuous map tj : Uj → X, such that
p ◦ tj = idUj .
Definition 2.4. [23] Let X be any κ-connected digital image. Let Jn be the wedge
of n−digital intervals [0,m1]Z, [0,m2]Z, ..., [0,mn]Z, for a positive integer n, where
0i ∈ [0,mi], i = 1, ..., n, are identified. Then the digital higher topological complexity
TCn(X,κ) is defined by the digital Schwarz genus of the digital fibration
en : X
Jn → Xn
f 7−→ (f(m1)1, ..., f(mn)n),
where (mi)k, k = 1, ..., n denotes the endpoints of the i−th interval for each i.
Note that for n = 2, the digital higher topological complexity number coincides
with the topological complexity number [23]. The digital higher topological com-
plexity is a homotopy invariant of digital images. TCn is a natural lower bound for
TCn+1.
Definition 2.5. [1] Let X be a digital image. Then the digital Lusternik-
Schnirelmann category catκ(X) of X is defined to be the minimum number l such
that there is a cover U1, U2, ..., Ul of X such that for all i = 1, ..., l, each Ui is
κ−contractible to a point in X.
Definition 2.6. [24] Let X be a digital image with κ−adjacency and let (X, ◦)
be a group. Let X × X be equipped the minimum of adjacency relation for the
cartesian product. (X,κ, ∗) is a κ−topological group if the digital maps
α : X ×X −→ X and β : X → X,
(x, x
′
) 7−→ x ◦ x′ x 7−→ x−1,
are digitally continuous, for all x, x
′ ∈ X.
Theorem 2.7. [24] Let (H,κ, ◦) be a κ−topological group such that (H,κ) is digi-
tally connected and n > 1. Then
TCn(H,κ) = catκ∗(H
n−1),
where κ∗ is an adjacency relation for Hn−1.
We use the cohomology groups of the digital image MSS
′
6 [19] in the next chap-
ter, so we completely need to know these values. As a special example of the
computation of cohomology groups of digital images, Proposition 2.8 answers it.
Let us recall the example with its proof. (See [7] and [8] for more examples of
digital curves and digital surfaces about computations in details of both homology
and cohomology groups of the digital images.)
Proposition 2.8. [7] Let MSS
′
6 be a digital image which consists of 8 points p0,
p1, p2, p3, p4, p5, p6 and p7 in Z3, where
p0 = (1, 0, 0), p1 = (1, 1, 0), p2 = (1, 1, 1), p3 = (1, 0, 1),
p4 = (0, 0, 1), p5 = (0, 1, 1), p6 = (0, 1, 0), p7 = (0, 0, 0).
6The digital cohomology groups of MSS
′
6 are
Hq,6(MSS
′
6) =

Z, q = 0
Z5, q = 1
0 q 6= 0, 1.
Proof. Let p7 < p4 < p6 < p5 < p0 < p3 < p1 < p2. C60 (MSS
′
6) and C61 (MSS
′
6) are
free abelian groups with bases 0−simplexes < p0 >, ..., < p7 > and 1−simplexes
e0 =< p0p1 >, e1 =< p0p3 >, e2 =< p1p2 >, e3 =< p6p1 >
e4 =< p5p2 >, e5 =< p3p2 >, e6 =< p4p3 >, e7 =< p7p4 >
e8 =< p4p5 >, e9 =< p6p5 >, e10 =< p7p6 >, e11 =< p7, p0 >,
respectively. For q > 1, C6q (MSS
′
6) = {0}. Then the short exact sequence
0
∂2−→ C61 (MSS
′
6)
∂1−→ C60 (MSS
′
6)
∂0−→ 0
is obtained. Since
C0,6(MSS
′
6) = Hom(C
6
0 (MSS
′
6),Z) and
C1,6(MSS
′
6) = Hom(C
6
1 (MSS
′
6),Z),
we have the sequence
0
δ−1−→ C0,6(MSS′6) δ
0
−→ C1,6(MSS′6) δ
1
−→ 0.
It is easy to see that
∂1(e0) = p1 − p0, ∂1(e1) = p3 − p0, ∂1(e2) = p2 − p1, ∂1(e3) = p1 − p6,
∂1(e4) = p2 − p5, ∂1(e5) = p2 − p3, ∂1(e6) = p3 − p4, ∂1(e7) = p4 − p7,
∂1(e8) = p5 − p4, ∂1(e9) = p5 − p6, ∂1(e10) = p6 − p7, ∂1(e11) = p0 − p7.
So we find 0−cochains
δ0p∗0 = −e0 − e1 + e11, δ0p∗1 = e0 − e2 + e3, δ0p∗2 = e2 + e4 + e5,
δ0p∗3 = e1 − e5 + e6, δ0p∗4 = −e6 + e7 − e8, δ0p∗5 = −e4 + e8 + e9,
δ0p∗6 = −e3 − e9 + e10, δ0p∗7 = −e7 − e10 − e11.
Moreover, we get
δ0(
7∑
i=1
nip
∗
i ) = e0(−n0 + n1) + e1(−n0 + n3) + e2(−n1 + n2) + e3(n1 − n6)
+ e4(n2 − n5) + e5(n2 − n3) + e6(n3 − n4) + e7(n4 − n7)
+ e8(−n4 + n5) + e9(n5 − n6) + e10(n6 − n7) + e11(n0 − n7).
If δ0(
7∑
i=1
nip
∗
i ) = 0, then we find n0 = n1 = ... = n7 = n. This shows that
Kerδ0 = Z. Therefore, we have that Z0,6(MSS′6) ∼= Z. Since Imδ−1 = {0}, we
7have that B0,6(MSS
′
6)
∼= {0}. Hence, we get H0,6(MSS′6) ∼= Z. In addition, we
have that
B1,6(MSS
′
6) = Imδ
0 = {t0e0 + t1e1 + t2e2 + t3e3 + t4e4
+ (t2 − t1)e5,+t5e6 + t6e7 + (−t1 + t2 − t4 + t5)e8
+ (t2 + t3 − t4)e9 + (t0 − t1 − t3 + t5 + t6)e10
+ (−t1 + t5 + t6)e11 | i = 0, 1, ..., 6, ∀ti ∈ Z} ∼= Z7.
By the definition, we see that Z1,6(MSS
′
6) = Kerδ
1 ∼= Z12. This implies that
H1,6(MSS
′
6) = Z
1,6(MSS
′
6)/B
1,6(MSS
′
6)
∼= Z5. Finally, we get our result
Hq,6(MSS
′
6) =

Z, q = 0
Z5, q = 1
0 q 6= 0, 1.

Before ending the section, we list some results on computing the topological
complexity numbers or the higher topological complexity numbers in topological
spaces. Each of the results is invalid in digital images. The counterexamples of the
digital images are exhibited in Section 3.
Proposition 2.9. [28] Let ∆n : X → Xn be the diagonal map. If there exist
vi ∈ H∗(Xn;Mi), i = 1, ..., k, for which (∆n)∗vi = 0 and v1 ^ v2 ^ ... ^ vk 6= 0
in the cohomology H∗(Xn;M1 ⊗M2 ⊗ ...⊗Mk), then TCn(X) ≥ k + 1.
Theorem 2.10. [15] Let X be a connected graph. Then
TC(X) =

1, if b1(X) = 0,
2, if b1(X) = 1,
3, if b1(X) ≥ 2,
where b1(X) denotes the first Betti number of X.
Lemma 2.11. [15] Let X denote the wedge of k spheres Sn. Then
TC(X) =
{
2, if k = 1 and n is odd,
3, if either k > 1, or n is even.
Example 2.12. [16] Let X =
∑
g be a compact orientable surface of genus g.
Then
TC(X) =
{
3, if g ≤ 1
5, if g > 1.
3. MAIN RESULTS
The aim of this section is to emphasize the differences between the topological
spaces and the digital images in the sense of the objects of topological robotics.
The results and the examples in this section wish to indicate that the studies of
the topological complexity numbers are so valuable and can be transfered into the
digital images to get interesting results. This does not lose the value of the studies,
contrarily it enriches the studies by carrying into the different platform. The results
8can be instructive for the future study of the topological complexity in digital image
processing.
First, we show that Proposition 2.9 is not valid in digital images.
Example 3.1. Take n = 3 and X = [0, 1]Z in the Proposition 2.9. LetM be a field.
The diagonal map ∆3 : (X, 2)→ (MSS′6, 6) induces the digital homomorphism on
digital cohomology with the coefficent M for the first dimension
(∆3)∗ : H1,6(MSS
′
6;M)→ H1,2(X;M).
Proposition 2.8 tells us that (∆3)∗ is basically the digital map M5 → 0. This shows
that ker((∆3)∗) = M5. For any nonzero element (v1, v2, v3, v4, v5) of M5, we have
that (∆3)∗(v1, v2, v3, v4, v5) = 0. Hence, we obtain k ≥ 1. On the other hand, we
shall show that TC3(X, 2) = 1. ([0, 1]Z, 2, ◦) is a 2−topological group, where ◦ is
defined by
◦(a, b) =
{
0, a = b
1, a 6= b,
for all a, b ∈ [0, 1]Z. By Theorem 2.7, TC3(X, 2) = cat4(X2). Since X2 is
4−contractible, we obtain TC3(X, 2) = 1. As a result, TC3(X, 2) < k + 1.
As a result of this example, [Proposition 3.2,[18]] becomes meaningless in digital
images because the diagonal map ∆n cannot be identified with the digital cup
product homomorphism ∪n(X) in [Definition 3.1,[18]]. We shall explain it with an
example in digital images:
Example 3.2. Let M be a field. Consider the digital cohomology induced by
the diagonal map ∆3, with the coefficient M for the first dimension, given in Ex-
ample 3.1. Although (∆3)∗ is the digital map M5 → 0, the digital cup product
homomorphism
^3: H
1,2(X;M)⊗M H1,2(X;M)⊗M H1,2(X;M)→ H3,2(X;M)
is the digital map 0 ⊗M 0 ⊗M 0 → 0. This shows that Ker(^3) = 0. Hence,
Ker(^3) does not coincidence with Ker((∆3)∗). Thus, we conclude that
nil(Ker(^3)) < TC3(X, 2) < nil(Ker(∆3)∗).
In the next example we show that Theorem 2.10 does not hold for digital images
for the case b1(X) ≥ 2.
Example 3.3. Let X be a digital image as shown in the Figure 3.1. The first Betti
number of X is 2, because X has two digital quadrilateral holes. On the other hand,
we shall show that TC(X, 4) = 2. X is not 4−contractible, so TC(X, 4) > 1. Let
α = {a1, a15, a14, a13, a5, a6, a7, a8, a9} and β = {a1, a2, a3, a4, a5, a12, a11, a10, a9}
be the subsets of X as shown in the Figure 3.2. X ×X can be written as the union
of the following sets
U1 = {(x, y) ∈ X ×X | (x, y) ∈ β or (x, y) ∈ β × α or (x, y) ∈ α× β}
and
U2 = {(x, y) ∈ X ×X | (x, y) ∈ α}.
By the definition, the minimal number is 2 for the digital topological complexity
number of X. Finally, we conclude that TC(X, 4) = 2.
9Figure 3.1. The digital image X.
Figure 3.2. The digital images α on the left and β on the right in X.
Theorem 3.4. Let X be a digitally connected digital curve and b1(X) denote the
first Betti number of X. Then
TC(X) =
{
1, if b1(X) = 0,
2, if b1(X) ≥ 1.
Proof. Let X be a digitally connected digital curve. If b1(X) = 0, then X has no
quadrilateral holes in it. This means that X is k−contractible. Hence, we find that
TC(X,κ) = 1. If b1(X) = 1, there is only one hole in X and we cover X by two
sets such like that in Example 3.3. The digital homotopy invariance property of
the digital topological complexity number concludes that TC(X,κ) = 2. Consider
the case b1(X) > 1. Let b1(X) = n, where n > 1. Then X is covered by two sets
T1 and T2, where Ti = Wi×Wi (see Figure 3.3 for the images Wi), for i = 1, 2. By
the homotopy invariance property, we get TC(X,κ) = 2, for b1(X) > 1. 
10
Figure 3.3. The left one is the digital image with the Betti num-
ber n > 1. The red and blue lines describe the paths passing
through the elements of T1 and T2, respectively.
The following example shows that Lemma 2.11 is not true in the digital meaning
of topological complexity.
Example 3.5. Take both the numbers k and n as 2 in Lemma 2.11. Then we have
the space S2 ∨ S2. The digitally equivalent of this space is digitally isomorphic to
the digital image X = MSC
′
6 ∨MSC
′
6 with the wedge point (0, 0, 0) as shown in
Figure 3.4. Since the digital topological complexity is a digital homotopy invariant,
we observe that TC(MSC
′
6∨MSC
′
6, 6) = 3. On the other hand, MSC
′
6∨MSC
′
6 is
6−contractible. Indeed, the homotopy between the identity map onMSC ′6∨MSC
′
6
and the constant map at the point (0, 0, 0) has 3 steps. For t ∈ [0, 2]Z, we explain
how the contraction homotopy
H : (MSC
′
6 ∨MSC
′
6)× [0, 3]Z →MSC
′
6 ∨MSC
′
6
works (see Figure 3.5). For the time t = 0, each point of MSC
′
6 ∨MSC
′
6 is located
in its original place. For the time t = 1, the upperMSC
′
6 is deformed to the square
whose points are b1, b2, b3 and (0, 0, 0). Similarly, for the lower MSC
′
6, we have
the square whose points are b4, b5, b6 and (0, 0, 0). For the time t = 2, the squares
are deformed to the point (0, 0, 0). Consequently, this is a contradiction because
the 6−contractibility of the image gives us that TC(MSC ′6 ∨MSC
′
6, 6) = 1.
Corollary 3.6. Let (X,κ) be a digital image that consists of the wedge of r digital
cube in Zn, for n > 1. Then
TC(X,κ) =
{
1, if n = 3 or n = 2 and κ = 8
2, if n = 2 and κ = 4
Proof. If n = 3 and r = 1, then the topological complexity number of X is the
same as the topological complexity number of the digital image MSC
′
6. Since
this is a 6−contractible space, the topological complexity of X is independence
11
Figure 3.4. The digital image MSC
′
6 ∨ MSC
′
6 and the wedge
point (0, 0, 0).
Figure 3.5. The digital contraction of MSC
′
6 ∨MSC
′
6.
from the number r and the adjacencies in Z3. If n = 2, then the topological
complexity number of X is equal to the topological complexity number of MSC4.
By TC(MSC4, 4) = 2 and TC(MSC4, 8) = 1, the result holds. 
The next result shows that Example 2.12 is not true for digital images.
Example 3.7. Let X and Y be two digital images as in Figure 3.6. Chen [9] shows
Figure 3.6. The digital images with genus 1 and genus 2, respectively.
that X is an example of the digital closed surface with genus 1 and Y is an example
of the digital closed surface with genus 2. By Example 2.12, the digital topological
12
complexity number of X is 3 and the topological complexity number of Y is 5.
However, we shall show this is a contradiction. Take U1 and U2 as in Figure 3.7. If
Figure 3.7. Divide the digital image X into 2 parts.
we define Vi = Ui × Ui, for all i = 1, 2, then we get TC(X, 6) = 2. Similarly, take
T1, T2 and T3 as in Figure 3.8. If we define Wi = Ti×Ti, for all 1 ≤ i ≤ 3, then we
obtain that TC(Y, 6) = 3.
Figure 3.8. Divide the digital image Y into 3 parts.
Corollary 3.8. Let X be a digital simple closed surface of genus g with 6−adjacency.
Then
TC(X, 6) =

1, if g = 0
2, if g = 1
3, if g = 2.
Proof. It is enough to show that TC(X, 6) = 1, when g = 0. The image MSC
′
6
is an example of a digital surface of genus 0. It is clear that TC(MSC
′
6, 6) = 1.
The fact that the digital topological complexity number is a homotopy invariance
of digital images gives the desired result. 
4. Conclusion
The subjects of robotics are widely studied in every aspect of science. Algebraic
topology has put these studies on a different and effective ground by means of con-
figuration spaces. Our purpose in the future is to use digital topology instead of
ordinary topology and obtain remarkable results in the development of computer
sciences. The evaluation of robotics’ works in digital topology is still very new.
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First, the differences and the similarities should be determined. Therefore, deter-
mining the differences between the topological complexity number of a topological
space and the digital topological complexity number of a digital image is the main
goal of this study.
We begin with considering how the relation between cohomological cup product
homomorphism and the diagonal map works for digital images. Second, we take
a connected graph as a topological space such that the first Betti number of the
graph is greater than 1 and we observe the result in the digital setting. Our next
example is the digital interpretation of the topological complexity number of the
wedge of k−spheres. Finally, we deal with a compact orientable surface of genus g.
After giving a counterexample in digital images, we reveal how the digital topolog-
ical complexity numbers of the digital simple closed surface with genus g works in
digital images.
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